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Sulfh Glvfulplqdwlrq dqg Wdujhwhg Dgyhuwlvlqj=
D Zhoiduh Dqdo|vlv
Urvd Eudqfd Hvwhyhv
Xqlyhuvlgdgh gr Plqkr dqg QLPD
Sdxor JxlpduæhvW
Xqlyhuvlgdgh gr Plqkr dqg QLPD
Qryhpehu 57/ 4<<<
Devwudfw
Zh suhvhqw d prqrsrolvwlf prgho ri sulfh glvfulplqdwlrq e| phdqv
ri wdujhwhg lqirupdwlyh dgyhuwlvlqj1 Wdujhwlqj lv ghqhg dv wkh delolw|
ri wkh prqrsrolvw wr gluhfw phvvdjhv zlwk glhuhqwldwhg frqwhqwv wr
jurxsv ri ex|huv zlwk glhuhqw ydoxdwlrqv iru wkh jrrg1 Zh vkrz wkdw
rqo| li wdujhwlqj lv shuihfw zloo wkh prqrsrolvw ehkdyh lq d vrfldoo|
ghvludeoh zd|1
Nh|zrugv= lqirupdwlyh dgyhuwlvlqj/ wdujhwlqj/ sulfh glvfulplqdwlrq1
MHO fodvvlfdwlrq= G75/ G;6
WFruuhvsrqglqj Dxwkru= Hvfrod gh Hfrqrpld h Jhvwær/ Xqlyhuvlgdgh gr Plqkr/ Fdp0
sxv gh Jxdowdu/ 7:43038: Eudjd/ Sruwxjdo1 H0pdlo= sdxorjChhj1xplqkr1sw
4
4 Lqwurgxfwlrq
Wkh zhoiduh surshuwlhv ri dgyhuwlvlqj kdyh ehhq wkh vxemhfw ri dq rqjrlqj
ghedwh wkdw jrhv edfn wr Ndogru*v +4<73074, fodvvlfdo sdshu1 Wkh vwudqg ri
lqgxvwuldo rujdql}dwlrq olwhudwxuh wkdw iroorzhg khoshg wr foduli| vhyhudo frq0
fhswv vxfk dv wkrvh shuwdlqlqj wr wkh glvwlqfwlrq ehwzhhq lqirupdwlyh dqg
shuvxdvlyh dgyhuwlvlqj1 Wkh vhplqdo sdshu ri Exwwhuv*v +4<::,/ uhsuhvhqwhg
wkh uvw vxffhvvixo dwwhpsw dw prghoolqj wkh lpsdfw ri lqirupdwlyh dgyhu0
wlvhphqw lq d frqwh{w zkhuh doo lqyroyhg djhqwv dfw lq dq rswlpdo idvklrq1 Kh
irupdoo| vkrzhg wkdw lq d prqrsrolvwlfdoo| frpshwlwlyh vwuxfwxuh/ li lqiru0
pdwlyh dgyhuwlvlqj zdv wkh vroh vrxufh ri lqirupdwlrq dqg dgv zhuh vhqw lq d
sxuho| udqgrp idvklrq wr krprjhqhrxv frqvxphuv/ wkhq upv zrxog vhohfw
d vrfldoo| rswlpdo ohyho ri dgyhuwlvlqj1 Wklv sx}}olqj uhvxow/ zdv frquphg
e| Vwdko +4<<7, zkr h{whqghg lw wr roljrsrolvwlf pdunhwv dqg pruh jhqhudo
dgyhuwlvlqj whfkqrorjlhv1 Yduldwlrqv rq Exwwhuv*v +4<::, prgho vxfk dv wkh
lqwurgxfwlrq ri surgxfw glhuhqwldwlrq/ +Jurvvpdq ) Vkdslur 4<;7,/ ru khw0
hurjhqhlw| dprqj ex|huv/ +Vwhjhpdq 4<<3, zhuh vkrzq wr hdvlo| rvhw wklv
uhvxow dqg khoshg hvwdeolvk wkh lghd wkdw lqfuhdvhg frpshwlwlrq vwlpxodwhg
dgglwlrqdo dgyhuwlvlqj/ +wkh exvlqhvv vwhdolqj hhfw, zkloh wkh lqdelolw| ri
wkh up wr dssursuldwh wkh vrfldo vxusoxv lw jhqhudwhv dfwv dv d ghwhuuhqw wr
dgyhuwlvlqj +Wluroh 4<;;,1 Wkxv/ zh pd| frqfoxgh wkdw zlwk khwhurjhqhrxv
ex|huv wkh prqrsrolvw zloo kdyh dq lqfhqwlyh wr xqghusurylgh lqirupdwlyh
dgyhuwlvlqj1
Qrzdgd|v/ lw lv pruh uhdolvwlf wr dgplw wkdw upv kdyh dq lqfuhdvlqj delo0
lw| wr wdujhw wkhlu phvvdjhv wr sduwlfxodu pdunhw vhjphqwv1 Wklv idfw kdv
qrw ehhq ljqruhg e| uhvhdufkhuv zkr kdyh dqdo|vhg wkh lpsolfdwlrqv ri wdu0
jhwhg dgyhuwlvlqj1 Wkrvh dxwkruv ^h1j1 Khuqäqgh}0Jdufðd +4<<:,/ Jurvvpdq
) Vkdslur +4<;7,` kdyh frqfhqwudwhg rq wkh uroh ri wdujhwlqj dv d phfkd0
qlvp wkdw fdq lpsuryh wkh uhdfk ri wkh up dqg wkxv pruh h!flhqwo| eulqj
lqirupdwlrq wr vhohfwhg pdunhw vhjphqwv1 Krzhyhu/ wkh delolw| ri d up wr
wdujhw lwv dgv rshqv xs wkh srvvlelolw| ri vhqglqj phvvdjhv zlwk glhuhqwldwhg
frqwhqwv dffruglqj wr wkhlu lqwhqghg wdujhw jurxsv1 Sulfh glvfulplqdwlrq eh0
frphv d srvvlelolw| dqg lw lv qrw fohdu zkdw zhoiduh lpsolfdwlrqv uhvxow lq
wklv qhz vhwwlqj1
Lq rxu sdshu zh irfxv rq d prqrsro| pdunhw wr dqdo|vh wkh zhoiduh
surshuwlhv ri dq htxloleulxp rewdlqhg lq wkh suhvhqfh ri sulfh glvfulplqdwlrq
e| phdqv ri wdujhwhg dgyhuwlvlqj1 Zh vkrz wkdw zlwk lpshuihfw wdujhwlqj wkh
prqrsrolvw zloo ryhudgyhuwlvh wr wkh frqvxphuv wkdw ydoxh prvw wkh jrrg dqg
zloo xqghudgyhuwlvh wr wkh rwkhu jurxs ri ex|huv1 Dv h{shfwhg/ zlwk shuihfw
dgyhuwlvlqj kh ehkdyhv lq d vrfldoo| ghvludeoh zd|1
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5 Prgho Dvvxpswlrqv
514 Ghpdqg Vlgh
Zh dvvxph wkh h{lvwhqfh ri P srwhqwldo ex|huv hdfk ghpdqglqj rqh xqlw ri
d krprjhqhrxv surgxfw1 Ex|huv duh doo lghqwlfdo h{fhsw iru wkh pd{lpxp
sulfhv wkh| duh zloolqj wr sd| +wkhlu uhvhuydwlrq ydoxhv,1 Wkxv/ zh dvvxph
wkdw P +3 ?  ? 4, ex|huv kdyh d uhvhuydwlrq ydoxh ri y dqg wkh uhpdlqlqj
kdyh d uhvhuydwlrq ydoxh ri y2/ zlwk y A y21 Dv lq Exwwhuv +4<::, ex|huv
rqo| ehfrph dzduh ri wkh h{lvwhqfh ri wkh surgxfw li wkh| uhfhlyh d phvvdjh
iurp wkh prqrsrolvw41 Wkh| zloo hqwhu wkh pdunhw li wkh sulfh dgyhuwlvhg lq
wkh phvvdjh lv ehorz wkhlu uhvhuydwlrq ydoxh1
515 Vxsso| Vlgh
Wkhuh lv d vlqjoh up surgxflqj rqh krprjhqhrxv surgxfw dw d frqvwdqw
pdujlqdo surgxfwlrq frvw zklfk/ zlwkrxw orvv ri jhqhudolw|/ lv dvvxphg wr
eh }hur1 Wkh up vhqgv phvvdjhv wr frqvxphuv lqiruplqj derxw wkh sulfh
+dqg h{lvwhqfh, ri wkh surgxfw1 Wkxv/ wkh up kdv wr fkrrvh wkh sulfh dqg
wkh qxpehu ri phvvdjhv wr vhqg1 Wkh up lv xqdeoh wr lghqwli| lqglylgxdo
ex|huv1
516 Dgyhuwlvlqj Whfkqrorjlhv
Dv lq Exwwhuv +4<::, zh dgplw wkdw phvvdjhv duh vhqw rxw lq d sxuho| udqgrp
idvklrq dw d {hg frvw shu xqlw1 Li O phvvdjhv duh vhqw wr P ex|huv dqg
erwk O dqg P duh odujh/ wkhq wkh iudfwlrq ri ex|huv zkr gr qrw uhfhlyh
dq| dg lv 4  ! @ +4  

,u * h{s3
u
 1 Li hdfk dg kdv d {hg frvw ri
 wkhq wkh wrwdo dgyhuwlvlqj frvw lv O1 Lpsolflw lq wkh ghulydwlrq ri wklv
dgyhuwlvlqj whfkqrorj| lv wkh lghd wkdw wkh up lv xqdeoh wr gluhfw +ru wdujhw,
lwv phvvdjhv1 Zkhqhyhu lw vhqgv d phvvdjh/ wkh suredelolw| wkdw lw uhdfkhv
dq| lqglylgxdo ex|hu lv 4@P 1 Wkxv/ wkh suredelolw| wkdw d phvvdjh zloo uhdfk
d ex|hu w|sh 4 /s/ lv vlpso| 1
Zh ghqh wdujhwlqj dv wkh delolw| ri wkh up wr lqfuhdvh lwv suredelolw|
ri uhdfklqj d sduwlfxodu jurxs ri ex|huv1 Zh fdq gr wklv e| ohwwlqj s @
.+4,/ zkhuh  lv d sdudphwhu wdnlqj ydoxhv lq wkh xqlw lqwhuydo1 Rq d
zd|/  phdvxuhv wkh delolw| ri wkh up wr wdujhw d phvvdjh1 Wkxv/ li  @ 3/
wkh up lv xqdeoh wr wdujhw lwv phvvdjhv zkloh li  @ 4 wkhq wdujhwlqj lv
shuihfw1 Vlploduo|/ zh ohw s2 @ +4, . ghvljqdwh wkh suredelolw| wkdw d
phvvdjh gluhfwhg wr jurxs 5 uhdfkhv lw1
Li wkh up ghflghv wr vhqg O phvvdjhv wdujhwhg wr jurxs 4 wkhq rqo|
sO ri wkrvh phvvdjhv zloo dfwxdoo| uhdfk wkdw sduwlfxodu jurxs1 E| d vlplodu
4Dgv surylgh lqirupdwlrq derxw surgxfw h{lvwhqfh dqg fkdudfwhulvwlfv1 Iru dowhuqdwlyh
prghov zkhuh lqirupdwlyh dgyhuwlvlqj rqo| surylghv sulfh lqirupdwlrq vhh Ehvwhu +4<<7,
dqg Ehvwhu ) Shwudnlv +4<<8,1
6
dujxphqw wr wkh rqh h{srvhg deryh wkrvh phvvdjhv zloo lqirup d sursruwlrq
! @ 4  h{s+
Ru
b
, ri ex|huv w|sh 41 Wkxv/ ! lv wkh sursruwlrq ri
ex|huv ri w|sh 4 wkdw uhfhlyhg phvvdjhv gluhfwhg wr jurxs 41 Krzhyhu/
+4  s,O phvvdjhv gr qrw uhdfk lwv lqwhqghg wdujhw dqg frqvhtxhqwo| zh
fdq ghqh !2 @ 4  h{s+
E3Ru
E3b , dv wkh sursruwlrq ri ex|huv ri w|sh
5 wkdw uhfhlyhg phvvdjhv lqwhqghg iru jurxs 41 Olnhzlvh/ !22 dqg !2 duh
ghqhg e| lqwhufkdqjlqj jurxs 4 zlwk jurxs 5 dqg  zlwk 4  1 Zh dovr
dvvxph wkdw wkh frvw ri d wdujhwhg phvvdjh lv vlpso| 15
6 Htxloleulxp Dqdo|vlv
614 Prqrsro| Htxloleulxp
Li wkh prqrsrolvw zdv frqvwudlqhg wr vhohfwlqj d xqltxh sulfh/ wkhq/ lw frxog
eh rswlpdo wr fdwhu rqo| wr wkh jurxs ri ex|huv zlwk wkh kljkhvw uhvhuydwlrq
ydoxh61 Krzhyhu/ klv fdsdflw| wr wdujhw phvvdjhv zlwk glhuhqw frqwhqwv
doorzv klp wr sulfh glvfulplqdwh frqvxphuv dqg frqvhtxhqwo| wr vhuyh wkh
hqwluh pdunhw1 Lw lv hdv| wr yhuli| wkdw li d phvvdjh lv ehlqj wdujhwhg dw
jurxs 4 wkhq lw pxvw frqwdlq d sulfh ri y zkloh wkrvh wdujhwhg dw jurxs 5
zloo dgyhuwlvh d sulfh ri y21 Lq wklv flufxpvwdqfh klv surwv duh/
 @ P ^y!+4 !2, . y2!2`
.+4 ,Py2!22  +O .O2,1 +4,
Wkh prqrsrolvw zloo vhoo wr erwk jurxsv ri ex|huv dw wkh dgyhuwlvhg sulfhv/
exw/ zlwk lpshuihfw wdujhwlqj d vkduh ri wkh kljkhvw ydoxhg pdunhw zloo eh
deoh wr dftxluh wkh surgxfw dw wkh sulfh ri y21
Iurp wkh uvw rughu frqglwlrqv zlwk uhvshfw wr O dqg O2 zh jhw/
7
C
CO
@ sy+4 !,+4 !2,  @ 3
C
CO2
@ +y2  !y,+4 s2,+4 !2, . y2s2+4 !22,  @ 31 +5,
Zh fdq qrw vroyh h{solflwo| iru O dqg O2 exw/ iurp wkh uvw htxdwlrq/ zh fdq
hvwdeolvk d uhodwlrq ehwzhhq wkh rswlpdo ydoxhv ri wkh qxpehu ri phvvdjhv
iru hdfk jurxs/
OW @
P
s
oq+
sy

,
+4 s2,
s
OW2 +6,
5Wkh dvvxpswlrq ri d {hg frvw shu phvvdjh lv lqqrfxrxv1 Zh pljkw dv zhoo dgplw
wkdw B zdv dq lqfuhdvlqj ixqfwlrq ri q zlwkrxw fkdqjlqj rxu pdlq uhvxowv1
6 Lq wkdw fdvh kh zrxog vhohfw d sulfh htxdo wr li 2 	 b1 dqg rwkhuzlvh kh zrxog
vhohfw d sulfh ri 21
7Vhfrqg rughu frqglwlrqv iru d pd{lpxp krog surylghg q : f
7
zkhuh OW2 lv ghqhg lpsolflwo| e|/
y2s2+4 !22, +y  y2,+4 s2,+4 !2, @

s
1 +7,
615 Zhoiduh Uhvxowv
Zh xvh wkh frqyhqwlrqdo ghqlwlrq ri wrwdo zhoiduh dv wkh vxp ri frqvxphu
vxusoxv soxv surwv1 Wkxv/
Z @ Py+! . !2  !!2, +8,
.+4 ,Py2!22  +O .O2,1 +9,
Wkh vrfldo sodqqhu zloo pd{lpl}h wkh deryh h{suhvvlrq zlwk uhvshfw wr
O dqg O2 dqg wkh iroorzlqj uvw rughu frqglwlrqv uhvxow=
CZ
CO
@ sy+4 !,+4 !2,  @ 3
CZ
CO2
@ y+4 !,+4 !2, +4 s2, . y2s2+4 !22,  @ 31 +:,
Vroylqj wkhvh htxdwlrqv iru O dqg O2 zh rewdlq/
O` @
P
s
oq+
sy

,
+4 s2,
s
O`2 +;,
dqg/
y2s2+4 !22, @

s
1 +<,
Rxu pdlq uhvxow fdq eh rewdlqhg e| frpsdulqj wklv odvw h{suhvvlrq zlwk
+7,1 Lw lv fohdu wkdw OW2 lv dozd|v ohvv wkdq O
`
2 xqohvv  @ 41 Lq wklv odwwhu
fdvh/ ehfdxvh wdujhwlqj lv shuihfw/ zh yhuli| Vkdslur*v +4<;3, frqmhfwxuh wkdw
li wkh prqrsrolvw lv deoh wr shuihfwo| sulfh glvfulplqdwh kh zloo ehkdyh lq
d vrfldoo| rswlpdo pdqqhu1 Krzhyhu/ zlwk lpshuihfw wdujhwlqj/ wkh prqrs0
rolvw zloo ryhudgyhuwlvh wr wkrvh ex|huv zkr ydoxh pxvw wkh jrrg dqg zloo
xqghudgyhuwlvh wr wkrvh zlwk wkh orzhvw ydoxdwlrq1
7 Frqfoxvlrq
Lq wklv sdshu zh surylgh d prqrsrolvwlf sulfh glvfulplqdwlrq prgho ri wdu0
jhwhg dgyhuwlvlqj1 Zh ghqh wdujhwlqj dv wkh delolw| ri wkh up wr gluhfw
lwv dgv wr wzr jurxsv ri ex|huv1 Zh vkrz wkdw li wkh prqrsrolvw lv deoh
wr wdujhw lwv phvvdjhv zlwk glhuhqw frqwhqwv lw zloo qrw xqghusurylgh lq0
irupdwlrq1 Li wdujhwlqj lv shuihfw wkh up zloo ehkdyh lq d vrfldoo| rswlpdo
pdqqhu exw rwkhuzlvh lw zloo ryhudgyhuwlvh wr wkh kljkhvw ydoxhg ex|huv dqg
xqghudgyhuwlvh wr wkh orzhvw uhvhuydwlrq jurxs1
8
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